A Vogan diagram is actually a Dynkin diagram with some additional structure. This paper develops theory of Vogan diagrams for "almost compact" real forms of indecomposable nontwisted affine Kac-Moody Lie algebras. Here, the equivalence classes of Vogan diagrams are in one-one correspondence with the isomorphism classes of almost compact real forms.  2002 Elsevier Science (USA)
INTRODUCTION
Classification of finite-dimensional real semisimple Lie algebras has been a classical problem. In [9] , Knapp has given classification of finitedimensional real semisimple Lie algebras by using Vogan diagrams. A corresponding theory of Vogan diagrams for "almost compact" real forms of "indecomposable nontwisted affine Kac-Moody Lie algebras" has been developed in [1] .
In [1] , we have introduced Vogan diagrams for the almost compact real forms of an indecomposable nontwisted affine Kac-Moody Lie algebra. A Vogan diagram is actually a Dynkin diagram with a certain overlay of additional data. Namely one fixes a Cartan involution θ, chooses a maximally compact θ-stable Cartan subalgebra, and introduces an ordering that takes the compact part before the noncompact part. The Cartan involution permutes the simple roots in orbits of one or two roots, and the two-element orbits are marked on the Dynkin diagram of the complexation. The oneelement orbits consist of compact or noncompact imaginary roots, and the vertices of the Dynkin diagram corresponding to the noncompact roots are shaded. We have introduced the notion of equivalence of Vogan diagrams. Two Vogan diagrams are equivalent if they correspond to different orderings for the same real form. This paper deals with the Vogan diagrams for the almost compact real forms of an indecomposable nontwisted affine Kac-Moody Lie algebra. The main theorem of this paper (Theorem 5.2) is that any diagram that looks like a Vogan diagram comes from some real form of an indecomposable nontwisted affine Kac-Moody Lie algebra. This theorem and Theorem 5.2 in [1] together provide a one-one correspondence between suitably defined equivalence classes of Vogan diagrams and isomorphism classes of almost compact real forms.
In [1] , the Appendix gives representatives of equivalence classes of Vogan diagrams for some nontwisted affine Kac-Moody Lie algebras. A count of the number of these diagrams yields a match with the number of almost compact real forms. The theory of Vogan diagrams allows one to identify, for a given Lie algebra, which standard Lie algebra is isomorphic to it, without tracking down isomorphisms whose existence is known but for which there are no formulas.
This paper is organized as follows: Section 2 recites known facts about (complex) indecomposable nontwisted affine Kac-Moody Lie algebras. Section 3 records aspects of the classification of the real forms and then introduces Vogan diagrams, making the necessary justifications. Section 4 discusses some examples, showing explicitly what almost compact real forms are and what their Vogan diagrams look like. Section 5 states and proves the main theorem.
PRELIMINARIES

Affine Kac-Moody Lie Algebras
Let I = 1 n + 1 n ∈ , be an interval in . Let A = a ij i j∈I be a matrix with integer coefficients. A is called a generalized Cartan matrix if it satisfies the following conditions:
• a ij are nonpositive integers for i = j;
• a ij = 0 implies a ji = 0. Let = A be the free complex Lie algebra generated by a basis of the standard Cartan subalgebra and the elements e i f i for i ∈ I with the following defining relations [5] :
The algebra is called a Kac-Moody Lie algebra. The algebra is an affine Kac-Moody Lie algebra if
• A is an indecomposable matrix; i.e., after the indices are reordered A cannot be written in the form
, with a i all positive such that A a i n+1 i=1 = 0. Then A is called a Cartan matrix of affine type. The affine algebra associated to a generalized Cartan matrix of type X 1 n is called a nontwisted affine Kac-Moody Lie algebra.
Dynkin Diagram Associated with a Generalized Cartan Matrix
We associate with a generalized Cartan matrix A a graph S A called the Dynkin diagram of A as follows. If a ij a ji ≤ 4 and a ij ≥ a ji , the vertices i and j are connected by a ij lines, and these lines are equipped with an arrow pointing toward i if a ij > 1. If a ij a ji > 4, the vertices i and j are connected by a boldfaced line equipped with an ordered pair of integers a ij a ji .
It is clear that A is indecomposable if and only if S A is a connected graph. A is determined by the Dynkin diagram S A and an enumeration of its vertices.
A Realization of Nontwisted Affine Kac-Moody Lie Algebras
Let L = t t −1 be the algebra of Laurent polynomials in t. The residue of a Laurent polynomial P = k∈ c k t k (where all but a finite number of c k are 0) is defined as Res
• is an infinite-dimensional complex Lie algebra with the bracket
Fix a nondegenerate, invariant, symmetric bilinear form (.,.) in
• and extend this form to an L-valued form t on L
We denote by L 
• is a nontwisted affine Kac-Moody Lie algebra associated to the affine matrix A of type X Notation. From now on L • = and t k ⊗ x will be written as t k x.
Invariant Bilinear Form of
The normalized invariant form of [5, Sect. 6 .2] can be described as follows. Take the normalized invariant form (.,.) on
• and extend (.,.) to all of by
It is a nondegenerate, symmetric, invariant, bilinear form of [5, Sect. 7.5].
Roots of
• * be the root system of the finite-dimensional Lie algebra • , let α 1 α 2 α n be the root basis, let H 1 H 2 H n be the coroot basis, and let E i F i i = 1 2 n be the Chevalley generators. Let θ be the highest root of the finite root system
• . Let 
Kac uses e 0 for e n+1 and f 0 for f n+1 . We see from [5, Sect. 7.4 .1] that
Now we describe the root system and the root space decomposition of with respect to ;
We set
In other words, π π ∨ is a realization of the affine matrix A.
Cartan Involution of
The map e i −→ −f i f i −→ −e i i ∈ I h −→ −h h ∈ can be uniquely extended to an involution ω of . ω is called the Cartan involution of .
Weyl Group
For each i ∈ I, we define a fundamental reflection r i of the space * by
The subgroup W = GL * generated by r i i ∈ I is called the Weyl group of .
CLASSIFICATION OF REAL FORMS OF NONTWISTED AFFINE KAC-MOODY LIE ALGEBRAS
Cartan and Borel Subalgebras of
We define a group G acting on the Lie algebra via the adjoint representation Ad: G −→ Aut . It is generated by the subgroups U α for α ∈ ±π and Ad U α = exp ad α .
A maximal ad -diagonalizable subalgebra of is called a Cartan subalgebra. Every Cartan subalgebra of is Ad G -conjugate to the standard Cartan subalgebra [6] . A Borel subalgebra of is a maximal completely solvable subalgebra. 
Real Forms of
A real form of is a Lie algebra over such that there exists an isomorphism from to ⊗ [2] . If we replace by in the definition of , we obtain a real form , which is called split. A real form of corresponds to a semilinear involution of . This means to an automorphism τ of such that τ 2 = Id and τ λx =λτ x for λ ∈ (semilinear). A linear or semilinear automorphism of is said to be of the first kind if it transforms a Borel subalgebra into a Borel subalgebra of the same sign. A linear or semilinear automorphism of is said to be of the second kind if it transforms a Borel subalgebra into a Borel subalgebra of the opposite sign.
Let be a real form of , and fix an isomorphism from to ⊗ . Then the Galois group = Gal / acts on and the corresponding group G. We identify with the fixed point set .
Definition 3.1. If consists of the first kind automorphism we say that is almost split. Otherwise if the nontrivial element of is the second kind of automorphism, we say that is almost compact (in other words, a real form of is said to be almost split if for each γ in the action of γ on is of the first kind; otherwise is said to be almost compact [13] ).
Automorphisms of
Let be the standard Cartan subalgebra of . Reference [6] defines a group H which acts on G and . In fact H = Ad H is isomorphic to * I and if the element h of H corresponds to h i i∈I , it acts on α by multiplication by the scalar
The group Int = Ad H ∝ G of interior automorphisms of is the image of the semidirect product of H and G. Its derived group is the adjoint group Ad G (denoted by Int ). As G is transitive on the Cartan subalgebra, the group Int does not depend on the choice of . We consider the group Aut A of permutations ρ of I such that a ρiρj = a ij for i j ∈ I. We regard Aut A as a subgroup of Aut by requiring ρ e i = e ρi , ρ f i = f ρi . The Cartan involution ω commutes with Aut A . We define the group of outer automorphisms of to be
, we denote by Tr the set of transvections of , which means linear maps of in of the form φ = exp ψ, where ψ is a linear map of into c, zero on . So we have φ x = x + ψ x . A description of transvections of is also given in [7, Sect. 4.20] .
Then according to [2, p . 187], we have the following decomposition of the group of automorphisms of :
If σ is an automorphism of the first kind of , then ω • σ is of the second kind of automorphism and conversely [2, p. 17] . From (3.1) it follows that any automorphism of is either an automorphism of the first kind or an automorphism of the second kind. A semilinear automorphism of order 2 of is called a semiinvolution of . For any semiinvolution σ we have the decomposition Aut = 1 σ ∝ Aut . We denote by σ n the conjugation of with respect to the standard split real form. We call σ n the standard normal semiinvolution of . This commutes with the standard Cartan involution ω.
Let ω s = σ n ω = ωσ n . Then ω s is called the standard Cartan semiinvolution of . Its algebra of fixed points is the standard compact real form of . A Cartan semiinvolution of is a semiinvolution ω conjugate to ω s by an element of Aut . Then ω is a semiinvolution of the second kind and the associated real form is called compact real form 1 
Classification of Real Forms
Following [3, Theorem 4.4], we obtain under Aut a one-one correspondence between the conjugacy classes of (linear) involutions of the second kind of and the conjugacy classes of almost split real forms of . Theorem 3.4 [12] . We consider 
Then this relation induces a bijection between the conjugacy classes under Aut of semiinvolutions of the second kind and conjugacy classes of involutions of the first kind.
Thus we obtain under Aut a one-one correspondence between the conjugacy classes of (linear) involutions of the first kind of (including identity) and the conjugacy classes of almost compact real forms of . The compact real form is unique, it corresponds to identity. A classification of involutions of an affine Kac-Moody Lie algebra is given by Levstein [11] . A classification of automorphisms of finite order of affine Kac-Moody Lie algebra of type A 1 n is given by Kobayashi [10] . A description of automorphisms of Kac-Moody algebras is also given in [7] .
Vogan Diagrams
Let be an almost compact real form of corresponding to the semiinvolution σ of the second kind of . Let σ be the Cartan involution of , and let = 0 ⊕ 0 be the corresponding Cartan decomposition. We write = ⊕ for the complexation of the Cartan decomposition.
Let 0 be a maximal abelian subspace of 0 . Then 0 = Z 0 is a σ-stable Cartan subalgebra of of the form 0 = 0 ⊕ 0 , with 0 ⊆ 0 by [1, Proposition 3.5] . This 0 is a maximally compact Cartan subalgebra of because 0 is as large as possible. By [1, Proposition 3.6], we note that the roots of are imaginary on 0 and real on 0 . A root is real if it takes real values on 0 (i.e., vanishes on 0 ), imaginary if it takes purely imaginary values on 0 (i.e., vanishes on 0 ), and complex otherwise.
For any root α, σα is the root σα H = α σ −1 H . If α is imaginary, then σα = α. Thus α is σ-stable, and we have α = α ∩ ⊕ α ∩ . Since α is one-dimensional, α ⊆ or α ⊆ . We call an imaginary root α compact if α ⊆ , noncompact if α ⊆ .
Let 0 be a σ-stable Cartan subalgebra of . Then there are no real roots if and only if 0 is maximally compact [1, Proposition 3.8] .
Let be an almost compact real form of . Let σ be the Cartan involution and = 0 ⊕ 0 be the corresponding Cartan decomposition. Let 0 = 0 ⊕ 0 be a maximally compact σ-stable Cartan subalgebra of , with complexation = ⊕ . We let = be the set of roots. By [1, Proposition 3.8], there are no real roots, i.e., no roots that vanish on .
We choose a positive system + for that takes i 0 before 0 [8, p. 339 ]. Since σ is +1 on 0 and −1 on 0 and since there are no real roots, σ + = + . Therefore σ permutes the simple roots. It must fix the simple roots that are imaginary and permute in two-cycles the simple roots that are complex.
By the Vogan diagram of the triple 0 + , we mean the Dynkin diagram of + with the two-element orbits under σ labeled by an arrow and with the one-element orbits painted or not, according to the corresponding imaginary simple root, noncompact or compact.
Equivalence of Vogan diagrams. We define equivalence of Vogan diagrams to be the equivalence relations generated by the following two operations:
(1) Application of an automorphism of the Dynkin diagram.
(2) Change in the positive system by reflection in a simple, noncompact root, i.e., by a vertex which is colored in the Vogan diagram.
As a consequence of reflection by a simple, noncompact root α, the rule for single and triple lines is that we leave α colored and its immediate neighbor is changed to the opposite color. The rule for double lines is that if α is the smaller root, then there is no change in the color of its immeidate neighbor, but we leave α colored. If α is the larger root, then we leave α colored and its immediate neighbor is changed to the opposite color.
If two Vogan diagrams are not equivalent to each other, we call them nonequivalent. 
EXAMPLES
Real Forms of A
Using the involutions given by Kobayashi [10] , we get the following five almost compact real forms of
(1) Involution of the first kind φ e 1 −→ e 1 f 1 −→ f 1 e 2 −→ −e 2 f 2 −→ −f 2 e 3 −→ −e 3 f 3 −→ −f 3 c −→ c d −→ d. The corresponding semiinvolution of the second kind is ω s • φ. The corresponding almost compact real form is generated by e 1 t n − f 1 t −n i e 1 t n + f 1 t −n f 1 t n − e 1 t −n i f 1 t n + e 1 t −n e 2 t n + f 2 t −n i e 2 t n − f 2 t −n f 2 t n + e 2 t −n i f 2 t n − e 2 t −n e 3 t n + f 3 t −n i e 3 t n − f 3 t −n n ∈ ⊕ ic ⊕ id.
So the Vogan diagram corresponding to (1) is the following, because e 1 is in and e 2 e 3 are in .
The Vogan diagram corresponding to (2) is the following, because e 1 e 2 are in and e 3 is in .
The Vogan diagram corresponding to (3) is the following, because e 1 e 2 e 3 are in . (4) and (5) of
Vogan Diagrams Corresponding to Almost Compact Real Forms
The maximally compact Cartan subalgebra is We define simple roots as follows:
The corresponding root vector is itf 3 + e 2 .
The corresponding root vector is it −1 e 3 + f 2 .
The corresponding root vector is e 1 t + f 1 t − ih 1 t. So the Vogan diagram for (4) is the following, because e 1 t + f 1 t − ih 1 t is in .
The Vogan diagram for (5) is the following, because e 1 t + f 1 t − ih 1 t is in .
MAIN RESULTS
Definition 5.1. An abstract Vogan diagram is an irreducible abstract Dynkin diagram of a nontwisted affine Kac-Moody Lie algebra with two pieces of additional structure indicated: One is an automorphism of order 1 or 2 of the diagram, which is indicated by labeling the two-element orbits.
The other is a subset of the one-element orbits, which is to be indicated by painting the vertices corresponding to the members of the subset. Every Vogan diagram is of course an abstract Vogan diagram. 
We define Y n α = t n e α and Y −n −α = t −n f α . The given data determine an automorphism θ of the Dynkin diagram, which extends linearly to * and is isometric. Let us see that θ = . It is enough to see that θ + ⊂ . We prove that θ + ⊂ by induction on the level n i of a positive root α = n i α i . If the level is 1, then the root α is simple and we are given that θα is a simple root. Let n > 1, and assume inductively that θα is in if α ∈ + has level less than n. Let α be a positive root with level n. If we choose α i simple with α α i > 0, then r α i α is a positive root β with smaller level than α [5, Lemma 3.7] . By inductive hypothesis θβ and θα i are in . Since θ is isometric, it is easy to see that θα = r θα i θβ and therefore θα is in by [5, Proposition 3.7b ]. This completes the induction. Thus θ = . We can then transfer θ to , retaining the same name θ. We define θ on Y n α for simple roots α by θ Y n α = Y n α if α is unpainted and forms a one-element orbit. By the isomorphism theorem [6] , θ extends to an automorphism of consistently of these definitions on and on Y n α 's for simple α. It also follows by the isomorphism theorem [6] that θ 2 = 1.
The next step is to show that θ 0 = 0 . For α ∈ , define a constant a n α by θ Y n α = a n α Y θ n α . Then by [3, Proposition 3.4, Part R2], we get a n α a −n −α = a n α Y θ n α a −n −α Y θ −n −α = θY n α θY −n −α = Y n α Y −n −α = 1 (5.5)
We shall prove that a n α = ±1 for all α ∈ and for all n (5.6)
To prove (5.6) it is enough to prove the result for α ∈ + because of (5.5). We do so by induction on the level of α. If the level is 1, then (5.6) holds by + coincides with the given data. This completes the proof.
